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Abstract 

We analize the entanglement change, under a Lorentz transformation, of a system consisting of 
two spin-one particles, considering different partitions of the Hilbert space, which has spin and 
momentum degrees of freedom. We show that there exists a complete set of states of the spin 
subspace in which the entanglement change of any state in the set is zero for all partitions and all 
values of the Wigner angle. Moreover, these states only change by a global phase factor under the 
Lorentz boost. Within this basis, maximally entangled invariant states, interesting for quantum 
information purposes, are explicitly obtained. On the other hand, the entanglement in the particle- 
particle partition is Lorentz invariant, thus protecting the consistency of quantum correlations and 
teleportation results. We show how our results may be generalized to arbitrary spin. 

PACS numbers: 03.65.Ud, ILSO.Cp, 03.30.+p, 03.65.Fd 



I. INTRODUCTION 



The instantaneous collapse of a two-particle quantum state vector has no covariant meaning, 
since the time-ordering of two different measurements depends on the reference frame for 
spatially separated events. In order to analyze this problem in a concrete situation, it is 
convenient to study entanglement from a relativistic point of view flj. This analysis is also 
important for the study of relativistic quantum infomation tasks |2l E]. In this work, we 
analyze the entanglement change, after a Lorentz boost, of a system composed by two spin- 
one massive particles in an EPR-like situation |3]. We compare our results with similar 
analyses done by Friis et al., and Jordan et al., for spin-1/2 particles |5l|6]. As well as these 
authors, we consider the particle's momentum as a discrete two-level variable, and calculate 
the entanglement change, with respect to different decompositions of the Hilbert space, 
caused by a Lorentz boost in a fixed direction. We address the question of the dependence 
of the entanglement change on the initial spin entanglement and argue that, instead of the 
initial entanglement, quantum superposition plays the key role in the initial entanglement- 
final entanglement relation. We focus on initial spin states for which no entanglement change 
occurs at all, and show that, for the situation under study, such states form a complete basis 
of the two-particle spin Hilbert space. Within this basis, maximally entangled invariant 
states, interesting for quantum information purposes, are explicitly obtained. On the other 
hand, since there are elements of this basis that suffer a distinct global phase change under 
the boost, an arbitrary linear combination of them will not in general be Lorentz-invariant. 
We generalize our results to higher spins. 

In Section [IT] we introduce, for the sake of competeness, the relativistic transformation of 



momentum and spin states, while Section III gives a description of the problem under study. 



The results are presented and discussed in Section |IV[ where we also show the existence of 
a complete set of invariant states the two-particle spin space. Conclusions are presented in 
Section lYl 



II. LORENTZ TRANSFORMATIONS AND WIGNER ROTATIONS 

In this section we present the relativistic transformation of a single-particle state with mo- 
mentum and spin degrees of freedom. We use units such that c = h = 1. 
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The four-momentum of a particle in its own rest frame is given by 




where m is the rest mass of the particle. We label the four-vector components with the 
set of indices {0,1,2,3}, and use boldface letters to denote three-vectors. The quantum 
state of the particle in the rest frame is denoted by \ka). This state has a well-defined 
linear four-momentum, fc, and a well-defined spin projection along the 2;-axis, a. In our 
case, o" G {1,0,-1}. Let Lp denote the standard Lorentz boost that takes the rest frame 
four-momentum k to the four-momentum p. The four-momentum eigenstates are defined in 
terms of the rest-frame state and the standard boosts as follows [7]: 

|p, a) = t/(Lp)|fc, a), (2) 

where [/ is a unitary representation of the Poincare group on the complete momentum-spin 
Hilbert space. These states form a complete set and satisfy 

P^P, ^)=PnP, (3) 

where is the /x-th component of the four-momentum operator, and stands for the 
/i-th component of p. 



Now consider an arbitrary Lorentz transformation A. The action of A on the four- 
momentum eigenstate \p a) is given by 

U{A)\p, a)=U{k)U{Lp)\k, a) 

= U{U^)U{L-^lMp)% a) 
= U{L^^)U{W{Kp))% a). 



Here we have defined the Wigner rotation as 

WiA,p) = Ll'^ALp (4) 

It is clear that W{A,p) is a pure rotation, since it leaves the four-momentum k invariant: 
L]^^ALpk = k. The rotation angle f2, called the Wigner angle, is a function of the magnitudes 
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of the rapidities rj and 00 that define, respectively, the boosts Lp and A, and under a suitable 
choice of setting (see below) may be written as [8|: 



sinh 
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\r] 


+ cosh 





(5) 



Thus, under an arbitrary Lorentz transformation A, the momentum is changed from p to Ap 
and the spin part of the state transforms under the action of the rotation group, since, by 
the definition of the four- momentum eigenstates (Eq.([2])), the spin label remains unchanged 
after the standard boost La^. Hence, we have 

f/(A) \pa) = J2 DllliWi^, p))|Apa'), (6) 

cr' 

where D^^^ is a spin-j representation of the rotation group. In our case, j = 1. 



III. DESCRIPTION OF THE PROBLEM 



We consider an EPR-like situation with two spin-1 particles propagating in opposite direc- 
tions with respect to each other, and compare the entanglement of the system before and 
after a Lorentz boost on the state. We take the direction of propagation to be the z-axis. 
One of the particles is supposed to be under control of one observer, Alice, while the other 
is supposed to be under control of another spatially separated observer. Bob. The entangle- 
ment is calculated with respect to different partitions of the complete Hilbert space, which 
is a tensor product of Alice's and Bob's Hilbert spaces. Each of the single-particle spaces is 
composed by spin and momentum degrees of freedom, so that the complete Hilbert space 
can be written as a tensor product of four physically distinct subspaces: 

H = H^^^ ® ® i/f ) ® i/f ) . (7) 

Here, the superscrips (A) and (B) denote Alice and Bob subsystems, while the subscripts 
p and s denote the momentum and spin degrees of freedom, respectively. Following [5], we 
calculate the entanglement change of the state, after a Lorentz boost, with respect to three 
different partitions of if: i) the A vs. B partition, that is, the partition formed by Alice's 
and Bob's subsystems; ii) the p vs. s partition, obtained by tracing over the momentum 
or spin degrees of freedom of the whole state in H; and in) the entanglement change with 
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respect to the partition formed by one given subspace opposed to the other three; we shall 
call this the 1 vs. 3 partition. 

We choose the initial state to be a pure and separable state in p and s, i.e. 

|V^) = b)®|s), (8) 

where \p) G ifp"^"* ® Hp^^ and \s) G Hs"^^ (gj Hs^\ Furthemore, we consider only sharp- 
momentum distributions, i.e. states where the momentum of each particle is concentrated 
around a definite value that can be p^, for propagation along the positive direction of the 
z-axis, and p_, for propagation along the opposite direction. For a study of wave packets 
in the spin 1/2 case, see [2], while a wave packet analysis for the photonic case may be 
found in [9l |10] . The states in this work are considered to be normalized in the sense that 
{Pi\Pj) = ^ij, where the subscripts i and j can stand for the momentum labels + and — , and 
6ij is the usual Kronecker delta |6]. 

If the Lorentz transformation A of Eq. ^ were a pure rotation, then the associated Wigner 
rotation would not depend on the momentum of the particles and would therefore have no 
effect on the entanglement of the states. Furthermore, since every Lorentz transformation 
can be decomposed into a pure rotation and a pure boost, and pure rotations have no effect 
on entanglement, we consider in what follows the transformations A to be pure boosts. 
On the other hand, we see from Eq.Q that if the Lorentz boost A is along the direction 
of propagation of the particles, which we take to be the z-axis, then the Wigner rotation 
becomes the identity transformation, and causes no change in entanglement. Therefore, 
without loss of generality, we can choose the boost A to be along the x-axis, perpendicular 
to the direction of propagation of the particles. In this seting, the spin-one representation 
of the Wigner rotation takes the form 



D{W{A,p)) 



^^(l + cos^]) j^sinn ^(1-cosf])^ 

^ sin Q cos Q sin Q 

^1(1 — cos f2) -^sinQ ^{1 + cos fl)j 



(9) 



where is given by Eq. ([s]). 

Let = U{A)\tp) denote the state obtained from the original state after the Lorentz 
transformation U{A), i.e., is the state described by an observer that is transformed with 
A~^ with respect to the observer that describes the state with The initial entanglement 



5 



calculated from p = is to be compared with that obtained from p' = As an 

entanglement measure, we use the linear entropy, defined by 

E = J2l-Tr (p^) , (10) 

i 

where the reduced density matrix pi is obtained from the original density matrix p by tracing 
over all subsystems except the i-th. Note that the way a state transforms is independent 
of the entanglement measure chosen, and we shall see that weakly- or not-entangled states 
can transform into maximally entangled ones, so that if E is not Lorentz-invariant nor will 
any other appropriate entanglement measure be. As is a simpler measure to calculate, we 
choose to work with this measure (for a whole family of entanglement measures the reader 
may see pT |). 

For the initial state ^ we choose a family of states \p) and \s) parametrized as follows 
(this reduces to the parametrization found in [S] for the case of spin-1/2 particles): 

\p) = cos a \p+, P-) + sina (11) 



|si) =sin6'cos0|l, 1) + sin6lsin0|O, 0) + cos6'| - 1, -1) (12a) 
|S2) =sin^cos0|l,l) + sin^sin0|O,O) +cos^| - 1,-1) (12b) 
\ss) = sin X sin 9 cos 0|1, 0) + sin x sin 9 sin0|O, 1) + sinx cos 6'|0, — 1) + cos x| — 1,0). (12c) 

The three spin parametrizations cover the eigenstates of the operator in the composite 
Hilbert space for definite values of the parameters 9, 0, and x- 

IV. RESULTS AND DISCUSSION 

In this section we analize the entanglement change for each of the partitions of the complete 
Hilbert space. 

A. Partition A vs. B 

In agreement with [8], entanglement is conserved for all states with respect to the A vs. 
B partition, due to the unitarity of the transformation induced in each of the subspaces 
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and H^^\ That is, since we have U{A) = t/(^)(A) ® U^^\A), where f/(^)(A) acts 
on the A subsystem and U^^\A) on the B subsystem, then p — > f/^^^ (A) p(^) W^"^^ (A) (g) 



f/*^-^) (A) p*^^^ f/"'"'^^) (A) and the hnear entropy defined in Eq. ( 10 ) remains unchanged when 
we trace out the A or B degrees of freedom. 

Physically, the unitary character of the U{A) transformation and the resulting conser- 
vation of entanglement is very important, since it is a necesary condition for the results of 
local measurements to depend, for every reference frame, only on the information given by 
the partial states p^^^ and p^^\ If entanglement failed to be conserved in this case, there 
would exist different quantum correlations for different inertial observers, in contradiction 
with the principle of relativity. In this way, every physical process that involves quantum 
correlations, such as quantum telportation, is independent of the reference frame in which 
it is analyzed and the experimental results will be the same for every observer. 

B. Partition p vs. s 

Entanglement with respect to the p vs. s partiton is not conserved in the general case. This 
is because of the dependence of the Wigner rotation on the momentum of the particle. If we 
have an initial momentum superposition, then we have different transformations for the spin 
part of the system, one for each value of the momentum. Thus, the spin part of the system 
transforms according to a superposition of Wigner rotations, and the resulting transformed 
state is no longer a tensor product of spin and momentum states. On the other hand, if the 
initial momentum state is not a superposition, which means cos a = or sin a = in Eq. 



(11), there is only one Wigner rotation for the state; therefore, in this case, the resulting 
transformed state differs from the original one only by a unitary transformation, which laves 
the entanglement of the system unchanged. 

The change in linear entropy depends strongly on the Wigner angle, as can be seen from 
Fig. [Tj In this figure we plot the entanglement change AE as a function of theta and phi for 
different values of Q. We have chosen values of Q that differ considerably to stress the effect 
that this parameter has on the shape of the surface. When both the speed of the particles 
and the speed of the boost A approach the speed of light we have Q = n/2. 

Interestingly, in the limit of the speed of light {Q = 7r/2), the entanglement change of the 



spin state given by Eq. ( 12a) produces exactly the same function of 9 and as that obtained 
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by Friis et al in [5| for the spin-1/2 composite state sin 6' cos 0|O, 0) + sin e sin (^^^^^) + 
cos ^1 1,1). In both parts of Fig. [l] there are minima that correspond to the maximally 
entangled state ^(|1,1) - |0,0) + | - 1,-1)). 




FIG. 1: AE{9,(I)) for the spin state of Eq. (12a) and partition p. vs. s. We take a = ^. Left: 
0, = ^. Right: (7 = |, corresponding to the hmit of the speed of light. The function on the right 
coincides with that of the spin-^ case. 

In all cases, the dependence of AE on the parameter a is merely a change of scale, which 
is zero for non-superposed momentum states and is maximal for the initial momentum state 
;^(|p+,P-_) + |p_,p_|.)). For this reason, in what follows we consider only the case a = n/A 
without loss of generality. 

It is important to point out that the entanglement change is due to the linear superposi- 
tion of initial momentum states and not due to the entnglement of the initial state \p). To 
see this, let us start with the separable state \p) = -^\p+) (b+) + \p~))- This state is not of 



the form of Eq. (11) but we use it here for the sake of argument. With this choice of initial 
momentum superposition, any state of the form \p) (S) |s), with |s) being an arbitrary initial 
spin state, transforms into -^\Ap^, Ap^)Us {p+,P+) \s) + -^\Kp^, KpJ)Us {p+,P-) \s), where 
Us{p,q) is the transformation induced by the boost in the two-particle spin subspace when 
the first particle has momentum p and the second has momentum q. This final state is en- 
tangled in the spin and momentum degrees of freedom since, in general, the transformations 
on spin space Us and Us {p+,p-) are not equal. 

We now return to our discussion of the p vs. s partition. Fig. |2] (left) shows the entan- 



glement change for the spin initial state given by Eq. (12b) and a Wigner angle = 7r/4 
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The minima of the surface correspond to the Bell-type state :^(|l5 —1) ~ I ~ l))? which 
undergoes no entropy change for this particular Wigner angle. When the parametriza- 



tion given by Eq. (12c) is used (Figure^ (right)) it is possible to generate entanglement 



for a large number of states under a Lorentz transformation with the same Wigner an- 
gle of 7r/4. Here we have used x = 27r/3. The invariant state (minima of plot) is 



\s) = \ (|1,0) + |0,1)-|0,-1) 



1,0)). 








0^0 



FIG. 2: Left: AE{9,(1)) for the spin state of Eq. (12b) and partition p vs. s, with = f . The 



points in the center of the depressions correspond to the Bell-type state ^(|1,— 1) — | — 1,1)). 



Right: Same, for parametrization (12c) and x = 27r/3; in this case the minima correspond to the 
state \s) = I (|1,0) + |0,1) - |0,-1) - | - 1,0)). 



C. Partition 1 vs. 3 

As in the previous case, entanglement is not conserved for all states in this type of decom- 
position and the maxima and minima of AE vary significantly with the Wigner angle Q. To 



illustrate this point, we take the state given in Eq. (12a). In Fig. |3]we show the entangle- 
ment change, as a function of 6 and 0, for the values values of = 7r/8 and Q = 7r/2. When 
the Wigner angle equals vr/S, i.e. "small" velocities, the entanglement change is maximum for 
the state |00), while the states |1, 1) and | — 1, —1) correspond to local maxima. Above on the 
right of Fig. [3] is shown the same function as that on the left side but turned upside down, 
in order to look at the minima. Such minima correspond to the maximally entangled states 
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FIG. 3: AE{9,(f)) for the spin state of Eq. (12a) and partition 1 vs. 3. Above: = |. In this 



case the maxima correspond to the state |0,0) (left), and the minima to the states ;^(|1,1) it 
|0,0)) + I — 1, —1). Belovi^: Q = ^. Maxima belong to the states |1, 1) and | — 1, —1). 

;^(|1, 1) ± |0, 0) + I — 1, — 1)). In spite that for this partition both of these states conserve 
entanglement for all values of the Wigner ang le, only the state ^(|1, 1) - |0, 0) + | - 1, -1)) 
is invariant under transformations of the form Us^^ (Q) Us^'^ {—^), that are, as we will 
show later, the kind of maps induced on the spin space by the Lorentz boost. In this 



notation, Us^\Q) stands for the transformation given by Eq. (9| and acts on the Hs^' sub- 
space. This invariance appears more clearly when we consider the p vs. s partition, in 
which :^(|1, 1) — |0,0) + | — 1,-1)) has zero entanglement change for all values of Q, but 
;^(|1, 1) + |0, 0) + I — 1, —1)) does generate a change in entanglement for some values of the 
Wigner angle. 

On the other hand, for Vl = 7r/2 (Fig. [3| below), the states |1, 1) and | — 1, —1) have a 
maximal change in linear entropy, while the state |0, 0) stays now at the bottom of the plot. 
We see, thus, how the velocity of the particles, as well as the rapidity of the Lorentz boost, 
play an important role in the entanglement change of the state. 



r(*) 
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FIG. 4: AE{e,(j)) for the spin state of Eq. (12b) and partitfon 1 vs. 3. Left: = f . Maxima 



correspond to the state |0, 0). Right:r2 = |. Maxima befong to the states |1, —1) and | — 1, 1). In 
both cases entanglement is conserved for the invariant state —1) + |0, 0) + | — 1, 1)) 



For the second parametrization, given in Eq. ( 12b ) , the hnear entropy behaves in a similar 



way as in the first parametrization. As can be seen from Fig. |4| the states |1, —1) and | — 1, 1), 
have a smaller entanglement change than the state |0, 0) for a Wigner angle of i7 = 7r/4. We 
know from the last case that |0, 0) has a maximum entanglemet change for = 7r/8. As the 
Wigner angle approaches 7r/2, the change in linear entropy corresponding to the initial spin 
state |0, 0) decreases, while that corresponding to |1, —1) and | — 1, 1) increases continuously. 
Finally, in the limit of the speed of light, Q = tt/2, the change in linear entropy corresponding 
to the state |0,0) vanishes (as we already know from the previous section), and the states 
|1, —1) and I — 1, 1) (both with momentum part given by Eq. (11) with a = 7r/4) become, 
after the Lorentz boost, maximally entangled states with respect to the 1 vs. 3 partition. It 
is interesting to note that the state :^(|1 — 1) + |00) + | — 11)) is invariant under the maps 
induced by the Lorentz boost studied here, as is the case of the state ;^(|11) + |00) + | — 1 — 1)) 
studied in the last section. Both of these spin states are maximally entangled and, as they 
remain unchanged under the Lorentz transformations presented here, they are interesting 
for quantum information purposes in an EPR-like relativistic framework. 
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D. Invariant states 



In the physical situation considered here the boost direction is kept fixed and the particles 
momenta are always opposite in relation to each other (and given by sharp distributions). 
These two facts imply the that there exists a complete set of states in the two-particle spin 
Hilbert space such that, for each state in this set, the action of the Lorentz boost is merely 
a multiplication by a global phase factor. To see this, first we note that the Wigner rotation 
for a single particle is restricted to be an element of 5*0(2), the rotation group in the plane, 
since a fixed boost direction implies a fixed axis of rotation. Moreover, since the momenta of 
the particles are always opposite, by Eq. (|5| the angle of rotation for one particle will be of 
the same magnitude but opposite sign as that of the other particle. Then, the transformation 
on the two-particle spin space induced by the Lorentz transformation will be of the form 
f/, (f]) = f/i^) (l])®t/f^(-n). 
Now we show that the set 

{Us [n) = f/i^) [Q) ® Ui^^ i-Q) \ 0<Q<27r} (13) 

forms a representation of S0{2). The product of two elements (Qi) and {Q2) G 5*0(2) is 
given by the sum of the parameters that define these elements 

(^]l) (^2) = (^^1 + ^^2) . (14) 

Thus, 

= f/i^) m f/f) (^2) ® t/f ) (-^^i) f/f ) (-^^2) 

= f/,(^]l) [7,(^2), 

which proves our claim. Since the representations of 50(2) are completely reducible we can, 
by means of a change of basis, reduce the transformation Us{^), for any Q, in terms of the 
irreducible representations of 5*0(2), which are of the form e*"^*^, with f2 G Z. For spin-one 
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systems, the transformation f/s(fi) takes the form 

o\ 









e~'^ 
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1 

ly 

Therefore, each element of the basis which diagonahzes Us changes under a Lorentz boost 
only by a global phase factor. In this sense, such states may be called invariant under the 
kind of Lorentz boosts considered in this work (always perpendicular to the momenta of the 
particles). Moreover, entanglement is conserved for every linear combination of states that 
transform under the same irreducible representation of SO (2), and all the information about 
the entanglement change of an arbitrary state is kept in the relative phase factors e*™^. 

For particles with arbitrary spin, the transformation Us is also diagonal. The multiplicity 
am of a given irreducible representation D^''^\ that is, the number of times this representation 
appears in the (reducible) representation element Us, can be calculated as 














(16) 



where \Q\ is the order of the group Q, xio) is the character of the element g E Q for an 
arbitrary representation, and x^"^K9) is the character of the element g for the irreducible 
representation labeled by m. The sum is taken over all group elements and becomes an 
integral for the case of continous groups. For the group 50(2), 12g(^g = 2^ lo^ -^^^ ^ 
two spin-j paticle system 

= X'^^\m^''\^l (17) 

where the characters for the single-particle space transformations, x^'^K^) x'^^K^)^ 
both given by 



X 



(18) 
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Putting together Eqs. (16), (17) and (18) yields, after a short calculation. 



a^ = 2j + l-|m|, (19) 
so that for an arbitrary spin j we have 

Us{n) -^dtag{ ^ , ). (20) 

a2j times ii2j— 1 times <^-2j times 

Finally, and based on this last result, we note that the invariance of entanglement dos not 
depend, in general, on the initial entanglement of the spin state, but on its transformation 
properties. For example, the state 

k) = ^(|i,i) + |i,-i) + l-i,i) + l-i,-i)) 

= ^(|1) + |-1))®(|1) + |-1)) (21) 
is separable and also invariant under the Ug transformations. 

V. CONCLUSIONS 

The entanglement with respect to the A vs. B partition is invariant under a Lorentz 
transformation. This fact is a direct consequence of the unitarity of the transformation 
f/(A) = f/*^^^(A) ® U^^\A). The conservation of this kind of entanglement is fundamental 
for the consistency between quantum-mechanical predictions and relativistic transforma- 
tions. 

On the other hand, entanglement is not conserved neither for the p vs. s partition 
nor for the 1 vs. 3 partition. This is due to the momentum-dependence of the Wigner 
rotation, which induces, for momentum-superposed initial states, different transformations 
for different particles. The entanglement change, for a given Q, reaches a maximum for 
a homogeneous momentum superposition {a = vr/4), while it vanishes for non-superposed 
momentum states. 

The dependence of the linear entropy change with respect to the initial spin state and to 
the Wigner angle Q is more interesting. Generally, the states for which the entanglement 
change is greater are separable spin states, while this quantity remains constant (normally) 
for states with maximal entanglement. However, the initial spin entanglement is not a crucial 
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factor regarding the entanglement change after a Lorentz boost, since we can find separable 
spin states which conserve entanglement with respect to all partitions and all values of the 
Wigner angle. In the same way, there exist maximally entangled spin states that do not 
conserve entanglement with respect to the p vs. s partition. 

The transformation properties of the spin states is the crucial fact that determines the 
change in entanglement. More precisely, what matters is the way in which the spin states 
transform under operations of the form Us {^) = Us^^ [Q) f/i^^ {—^), that are represen- 
tations of the group 5*0(2). In particular, the spin states that are invariant under this type 
of transformations conserve entanglement for every partition and all values of the Wigner 
angle, with no regard to the initial momentum state. Since the action of the group 5*0(2) is 
reducible in the spin state space, we can find an orthonormal basis of this space such that 
each state in the basis transforms, under a Lorentz boost, only by multiplication of a factor 
of the form e*"*^. In this basis, the Wigner rotation takes a simple form and all the informa- 
tion about the entanglement change lies in the relative phases e*^'"""^')^, for m, m' E Z. All 
linear combinations of states that transform under the same irreducible representation of 
50(2) are invariant under the kind of Lorentz boosts considered in this work and therefore 
conserve their entanglement. This result can be generalized to systems of arbitrary spin 
j so that, in principle, invariant subspaces of an arbitrary dimension can be constructed, 
considering the adequate type of particles. This fact may be useful for quantum information 
processes in which relativistic considerations are relevant. 
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